In an anisotropic temperature-rate-dependent thermoelastic material four plane harmonic waves may propagate in any direction, all dispersive and attenuated, and all stable in the sense that their amplitudes remain bounded in the direction of travel. In this paper, the material is additionally assumed to suffer an internal constraint of the deformation-temperature type, i.e. the temperature is a prescribed function of the deformation gradient. In this constrained thermoelastic material four waves continue to propagate but instabilities are now found. Constrained temperature-rate-dependent thermoelasticity is then combined with generalized thermoelasticity in which the rate of change of heat flux also appears in the heat conduction equation. Four waves again propagate but instabilities are found as before. Anisotropic and isotropic materials are both considered.
Introduction
Truesdell and Noll [1] placed the theory of purely mechanical constraints on a firm theoretical basis by postulating that the stress is constitutively determined only to within a reaction stress that does no work in any motion satisfying the constraint. By contrast, there is more than one way of treating the general theory of the thermomechanical constraint viewed as a restriction on the allowable values of the deformation gradient and temperature. In the thermomechanical case, Green et al. [2] supposed that the stress, entropy and heat flux led to zero entropy production in any process satisfying the thermomechanical constraint.
Casey and Krishanaswamy [3] developed an alternative type of theory for deformation-temperature constraints. They obtained expressions for the stress and entropy in the constrained material by considering a related family of unconstrained thermoelastic materials, which itself was obtained by extending the domain of definition of the Helmholtz free energy, in a differentiable manner, away from the constraint manifold.
A linearized theory of plane wave propagation in thermoelastic materials was developed by Chadwick [4, 5] , and he established that four wave modes are possible in each direction. Scott [6] proved that each of these modes is stable under quite mild assumptions. We define a stable wave as a wave whose amplitude remains bounded in the direction of propagation. For an isothermal or isentropic elastic material we recall that three stable waves may propagate in each direction and that only two stable waves propagate if a purely mechanical constraint operates, see Chadwick et al. [7] . Thus the presence of a purely mechanical constraint removes one mode of propagation but maintains the stability of the system.
A natural choice of thermomechanical constraint might be one that connects deformation with temperature. This would appear to be well motivated, as materials as diverse as vulcanized rubbers and water are considered to be incompressible at a fixed temperature, though the material is permitted to expand if the fixed temperature is increased. For a fully anisotropic material suffering an arbitrary deformation-temperature constraint, Chadwick and Scott [8] showed that of the four waves that propagate at least one is unstable, in contrast with the purely mechanical constraint. Scott [9] and Leslie and Scott [10] [11] [12] have developed these constraint theories further but in all circumstances have encountered instabilities.
Green and Lindsay [13] formulated a theory of thermoelasticity with second sound based on an entropy production inequality proposed by Green and Laws [14] . A noteworthy feature of the Green and Lindsay theory is that it retains the classical Fourier law if the material has a centre of symmetry at each point. In the present work, we follow the Green and Lindsay theory, which we refer to as temperature-rate-dependent thermoelasticity theory
The classical Fourier heat conduction law for anisotropic materials is
in which q i (x, t) are the components of the heat flux vector q and θ(x, t) is the temperature increment, both of which are functions of particle position x and time t. The notation ( ) , j denotes the spatial derivative ∂( )/∂x j and the summation convention applies so that twice-occurring suffices are summed over. The quantities k ij are the components of the thermal conductivity tensor k. The symmetry of k, i.e. k ij = k ji , is part of the infrastructure of temperature-rate-dependent thermoelasticity though not of classical thermoelasticity.
In the generalized thermoelasticity theory of Lord and Shulman [15] the heat flux vector components q i (x, t) satisfy
in place of equation (1) in which the constant τ > 0 is a relaxation time. It is clear that when τ = 0, equation (2) reduces to equation (1) of the classical case.
Scott [16] has demonstrated the linear stability of the Lord and Shulman [15] model of generalized thermoelasticity, i.e. the combination of the modified Fourier law given by equation (2) with classical thermoelasticity.
We pursue here a method of combining temperature-rate-dependent thermoelasticity [13] and generalized thermoelasticity [15] due to Ignaczak [17] in the isotropic case.
Chandrasekharaiah [18] presented a broad review of the literature concerned with generalized thermoelasticity theories, including a brief account of the theory of heat conduction with second sound. Straughan [19] has given an excellent account of many theories involving hyperbolic heat conduction; i.e. the propagation of heat waves.
The present authors have given detailed accounts of the stability theory of temperature-rate-dependent thermoelasticity for isotropic materials, see Alharbi and Scott [20] , and for anisotropic materials, see Alharbi and Scott [21] . In all cases they found all linear waves to be stable. Alharbi and Scott [20, 21] also considered generalized temperature-ratedependent thermoelasticity but found instabilities.
In this paper, we derive the linearized field equations for temperature-rate-dependent thermoelasticity when the material suffers a deformation-temperature constraint. Solutions of the field equation are sought in the form of plane harmonic waves and the secular equation is found for the squared wave speed w(ω), considered as a function of the frequency ω. In all cases there are four branches of w(ω) in the complex w-plane as ω varies. Low-and high-frequency expansions are performed for each branch and the stability or instability of the branch established, considering both anisotropic and isotropic thermoelastic materials. We then combine the theory of temperature-rate-dependent thermoelasticity with the generalized thermoelasticity theory of Lord and Shulman [15] and once again assume the material suffers a deformation-temperature constraint. As before, we find that there are four branches w(ω) and determine their stability or instability in both the anisotropic and isotropic cases.
The paper is organized as follows. In Section 2 the field equations for various models of thermoelasticity are derived: Unconstrained and constrained classical thermoelasticity, unconstrained and constrained temperaturerate-dependent thermoelasticity, and constrained generalized temperature-rate-dependent thermoelasticity. In Section 3 we consider the theory of constrained anisotropic temperature-rate-dependent thermoelasticity and in Section 4 we consider the isotropic case. In Section 5 we consider the theory of constrained anisotropic generalized temperature-rate-dependent thermoelasticity and in Section 6 we consider the isotropic case. The final section contains a discussion of our results.
Field equations for various models of thermoelasticity
We consider a thermoelastic body which possesses a spatially uniform, time-independent, stress-free equilibrium state free of heat flux. For a body with such an equilibrium state the equations of momentum and energy balance in the absence of body force and heat supply, linearized about this equilibrium state, are
respectively, see the work by Chadwick [5] , where σ ij and q i are the components of the Cauchy stress tensor and the heat flux vector, respectively. The particle displacement vector u(x, t), and the entropy increment φ(x, t) per unit mass are functions of particle position x and time t. The superposed dot denotes the time partial derivative. The constant equilibrium values of the density and absolute temperature are denoted by ρ and T, respectively. We recapitulate various models of unconstrained and constrained thermoelastic materials already discussed in the literature and introduce the constrained temperature-rate-dependent models we propose to discuss.
Unconstrained classical thermoelasticity
In classical thermoelasticity the Helmholtz free energy ψ(u i, j , θ), defined by
acts as a potential for the stress and entropy
see, for example, equation (2.6) in the work by Scott [9] . In equation (4),c ijkl are the isothermal elasticity tensor components, β ij are the temperature coefficients of stress and c is the specific heat at constant deformation, all measured in the equilibrium state. The temperature excess above the equilibrium temperature T is denoted by θ(x, t). From equations (4), (5) and (1), expressions for the stress, entropy increment and heat flux in the linear theory of classical thermoelasticity are given respectively by
We insert the constitutive equations (6) into the balance equations (3) to obtaiñ
the field equations of classical linear thermoelasticity theory for anisotropic materials, see equations (19) in the work by Chadwick [5] or equations (2.8a) and (2.8b) in the work by Scott [9] . These equations provide four constant-coefficient, linear partial differential equations for the four unknown functions u i and θ.
Constrained classical thermoelasticity
The deformation-temperature constraint usually considered in the literature takes the linearized form
in whichÑ is the symmetric constraint tensor and α is a coefficient of thermal expansion. With this constraint, the temperature θ is effectively a prescribed function of the displacement gradient u p, q . To account for the constraint, a quantity ρ −1η (Ñ pq u p,q − αθ), (see the work by Chadwick and Scott [8] ), whereη is a Lagrange multiplier is added to ψ in equation (4) and then the differentiations in equation (5) give the additional constraint stressηÑ and the additional constraint entropy ρ −1 αη, so that equations (6) are replaced by
leading to the five field equationsc
of constrained classical thermoelasticity, see equations (2.15) and (2.16) in the work by Chadwick and Scott [8] , in place of the four field equations (7) of unconstrained classical thermoelasticity. The third part of equation (10) is simply the constraint equation (8) repeated. These equations provide a set of five equations for the five unknowns u i , θ andη.
Unconstrained temperature-rate-dependent thermoelasticity
The stress, entropy increment and heat flux system of equations is given by equations (5.11) to (5.13) in the work by Chandrasekharaiah [18] 
for materials with a centre of symmetry at each point. The new material constants α 1 and α 0 are relaxation times. Green and Lindsay [13] show that
is a requirement of the second law of thermodynamics. We insert equation (11) into equation (3) to get the field equations of temperature-rate-dependent thermoelasticity in the formc
These equations form a complete system of field equations for linear temperature-rate-dependent thermoelasticity for a homogeneous and anisotropic material and provide four constant-coefficient, linear partial differential equations for the four unknown functions u i and θ, see equations (5.17) and (5.18) in the work by Chandrasekharaiah [13] . By setting α 1 = α 0 = 0, we recover the field equations of linear classical thermoelasticity theory for homogeneous and anisotropic solids, see equations (2.8a) and (2.8b) in the work by Scott [9] .
Constrained temperature-rate-dependent thermoelasticity
In their theory of temperature rate dependent thermoelasticity Green and Lindsay [13] introduce a second temperature function θ 1 (θ,θ ) which plays an important role in entropy production (and is denoted by φ in the work by Green and Lindsay [13] ). They show that equation (5) must be replaced by
see the first part of equation (3.15) and equation (3.6) in the work by Green and Lindsay [13] . We shall replace the constraint equation (8) of the classical theory bỹ
in which the usual temperature θ has been replaced by the second temperature θ 1 . To account for the new constraint, a quantity ρ −1η (Ñ pq u p,q − αθ 1 ), whereη is again a Lagrange multiplier, is added to ψ and then the differentiations given by equation (14) give the additional constraint stressηÑ and the additional constraint entropy ρ −1 αη exactly as occurred in the first and second part of equation (9). It follows that the other field equations of the anisotropic case given by the first and second parts of equation (10) also hold in the present casẽ
the third equation here simply being the constraint equation (15) written in terms of the linearized form of equation (4.4) in the work by Green and Lindsay [13] of θ 1
It is with the field equations (16), which are new to the literature, that we shall be concerned in Sections 3 and 4.
Constrained generalized temperature-rate-dependent thermoelasticity
We combine the temperature-rate-dependent thermoelasticity theory of Green and Lindsay [13] with the generalized thermoelasticity theory of Lord and Shulman [15] by following the method of Ignaczak [17] in the isotropic case. To do this we simply replace Fourier's law of heat conduction given by equation (1) by Lord and Shulman's equation (2) which has the effect of replacing the field equations (16) bỹ
The first and third parts of equation (18) are exactly the same as the first and third parts of equation (16) and the second part of equation (18) differs from the second part of equation (16) only by the introduction of the factors 1 + τ ∂/∂t. If τ = 0, equations (18) reduce to equations (16), as expected.
We shall be concerned with the field equations (18), which are new to the literature, in Sections 5 and 6.
Constrained anisotropic temperature-rate-dependent thermoelasticity
We are concerned with solutions of equations (16) in the form of plane harmonic waves
where ω is the angular frequency and n is the unit wave normal vector in the direction of propagation, both of which are real constants. The amplitudes {U i , ,H} and slowness s are in general complex constants. The wave slowness s is the reciprocal of the (complex) wave speed v: s = 1/v. The quantity with which we shall mostly be concerned is the squared wave speed w = ρs −2 . For a wave mode to be linearly stable requires the condition of stability
for 0 ≤ ω < ∞, see equation (18) in the work by Chandrasekharaiah [6] and Section 2.1.1 in the work by Alharbi and Scott [21] . So for positive ω, stable branches w(ω) are those which lie in the lower half of the complex w-plane.
Much of the analysis in this section is an extension of that of Alharbi and Scott [21] for unconstrained anisotropic temperature-rate-dependent thermoelasticity.
The secular equation
We look for solutions of equations (16) in the form of the plane harmonic waves (19) by inserting equation (19) into equation (16) . Divide the first of the resulting equations by (iωs) 2 γ and the second by iω to obtain, after rearranging,
We have introduced the positive constant γ , with the physical dimensions of stress, so as to facilitate the nondimensionalization of our equations. It is usually selected to be a typical component of the isothermal elasticities c ijkl .
In addition to the quantity γ we have introduced into equations (21) the quantities
in whichQ(n) is the dimensionless isothermal acoustic tensor and w = ρv 2 /γ is the dimensionless squared wave speed. The quantities b and k are not dimensionless butc is.
Eliminating andH from the first part of equation (21) in favour of U using the second and third parts of equation (21) leads, after much reduction, to
where M is defined by
in which ω * = γ c/k is a reference frequency and ⊗ denotes the dyadic, or tensor, product. Although M is dimensionless not all the quantities appearing in it are themselves dimensionless. In order to facilitate the full non-dimensionalization of M, we utilize the frequency ω * in order to define dimensionless forms for the frequency ω and the relaxation times α 0 and α 1 , respectively
The quantity c is a dimensionless specific heat, the ratio of heat energy to strain energy, and α is the dimensionless thermal expansion coefficient associated with the constraint. The dimensionless unit vectors b andc , the dimensionless thermomechanical coupling constant ε and the dimensionless constraint ratioσ are defined, respectively, by
The magnitude of the quantityσ is a measure of the relative importance of mechanical and thermal effects upon the constraint. Ifσ → 0 (i.e. α → ∞) the constraint is purely mechanical in nature and has no effect on the temperature; ifσ → ∞ (i.e. α → 0) the constraint is purely thermal in nature, forcing the material to be isothermal. We now introduce the quantities defined in equations (25) and (26) into equation (24) in order to obtain an expression for M in which all quantities appearing are dimensionless
We have dropped the primes for convenience and introduced the dimensionless tensor
is the dimensionless isentropic acoustic tensor. In passing from equation (24) to equation (27) we have singled out for future convenience the terms in M independent of ω, namely,P − w1.
From the usual symmetriesc ijkl =c klij and the definition given by equation (29), we see that bothQ and Q are symmetric and so each has three real eigenvalues. The dimensionless eigenvalues ofQ are denoted bŷ q i , i = 1, 2, 3, and the dimensionless eigenvalues ofQ are denoted byq i , i = 1, 2, 3. If these eigenvalues are distinct they possess the interlacing property
as was demonstrated in the work by Scott [6] . The inequality 0 <q 1 follows from the assumed positive definiteness ofQ, see the work by Scott [6] . If some or all of these eigenvalues coincide then some or all of the occurrences of < in the inequalities given by equation (30), other than the first, may be replaced by ≤, see the work by Scott [6] for a discussion of coincident eigenvalues. Taking the trace of equation (29) gives the following connection between the coupling constant and the eigenvalues ofQ andQ ε =q 1 +q 2 +q 3 −q 1 −q 2 −q 3 .
From the inequalities given by equation (30) we see that ε > 0 which may be replaced by the equality ε = 0 only if the isothermal and isentropic eigenvalues coincide in pairs, i.e.q i =q i for i = 1, 2, 3. We quote the identity
valid for arbitrary α, b, c and A, see the work by Scott [9] , with the superscript adj denoting the adjugate of a tensor, i.e. in matrix terms, the transposed matrix of cofactors. From equation (23) the secular equation takes the form det M = 0 and so from equations (27) and (32) it becomes
We specialize to the case where the material is thermally isotropic, though not mechanically isotropic, and the constraint is one of incompressibility at constant temperature, so that
where β is the scalar temperature coefficient of stress and k is the scalar thermal conductivity, leading tõ
Then equation (33) simplifies to give, on multiplication by w w det(w1
with equation (28) reducing toP
Equation (35) is the dimensionless secular equation for anisotropic temperature-rate-dependent thermoelasticity which is constrained by the deformation-temperature constraint given by the third part of equation (16) . It is a quartic equation in the dimensionless squared wave speed w. Selecting a coordinate system based on the eigenvectors ofP we may write
The right-hand side of equation (37) is quadratic in w and has two zerosW 1 andW 2 which satisfỹ
The secular equation (35) may therefore be written as
in whichF(w) andG(w) are defined bỹ
On putting α 1 = α 0 = 0 in equation (39) we recover the secular equation of an anisotropic material which is constrained by a deformation-temperature constraint in classical thermoelasticity, see equation (3.6) in the work by Scott [9] . From the further identity n · (w1 −P adj n = n · (w1 −Q adj n,
see the work by Scott [9] , we observe thatW 1 andW 2 satisfy the further inequalities
in addition to equation (38), from which it follows that
because of the positive-definiteness assumptionq 1 > 0.
In the remainder of this section each of the four branches w(ω) of the secular equation (39) are examined in detail, with low-and high-frequency expansions being performed, and stability or instability proved for the entire frequency range.
Low-frequency expansions
When ω = 0, the roots of the secular equation (39) are the zeros ofF(w), namely,p i , i = 0, 1, 2, 3, defining p 0 ≡ 0. When ω → 0, the four roots of the secular equation may be obtained as the Taylor expansions
neglecting terms O(ω 2 ). When i = 0, so thatp i =p 0 = 0, equation (44) reduces to
a branch emanating from the origin. From the stability condition given by equation (20) 
The stability of w 1 (ω) depends on the signs ofp 1 andp 1 ε 1/2 (α 1 − α 0 ) −σ . Ifp 1 < 0 then it follows that p 1 ε 1/2 (α 1 − α 0 ) −σ < 0, so that from the inequalities given by equation (38) and the stability condition given by equation (20) , w 1 (ω) is unstable. On the other hand, ifp 1 > 0 then w 1 (ω) is stable provided that
We note that ifp 1 > 0 then the branch w 1 (ω) begins on the positive real axis, to the right of w 0 (ω), which begins at the origin. This situation is illustrated in Figure 1 . On the other hand, ifp 1 < 0 then the branch w 1 (ω) begins on the negative real axis, to the left of w 0 (ω), as illustrated in Figure 2 . The approximations given by equations (45) and (46) both break down in the exceptional casep 1 = 0, which is considered later in Section 3.4 and illustrated in Figure 3 .
From the inequalities given by equation (38) we see that
whatever the value ofp 1 . Therefore the branches w i (ω), i = 2, 3, are stable only if
High-frequency expansions
In order to investigate the high-frequency limit we write ζ = ω −1 and take the limit ζ → 0. In terms of ζ the secular equation (39) becomes
For ζ = 0 (ω → ∞) the secular equation (50) becomes
H(w) is quartic in w and so has four zeros, denoted byh 1 ,h 2 ,h 3 ,h 4 . We determine the sign changes of H(w) using the inequalities given by equation (38) H(−∞) = ∞ > 0,
From the inequalities given by equations (52) and (43) we see that the quantitiesh i interlace according tō
Define a quartic polynomialh (w)
and observe that H(w) ≡h(w) since both have the same four zeros and both have the same coefficient of w 4 . For small ζ the secular equation (50) may be expanded as
neglecting terms O(ζ 2 ). Taylor expansions of the four roots of equation (55) in the high-frequency limit, reverting to the notation ζ = ω −1 , take the form
at high frequency. From the inequalities given by equation (53), we find that
Consider first the branch i = 1 of equation (56). Sinceh 1 < 0 it follows that
and so from the first part of equation (57) we see that Im w 1 (ω) > 0 and so w 1 (ω) is unstable at high frequency. From the second part of equation (57) we see that the stability of the other branches w i (ω), i = 2, 3, 4, is determined by the sign ofh 
Branches can only change their stability nature at a real value of w because the real axis forms the boundary between the stable region Im w(ω) < 0 and the unstable region Im w(ω) > 0. We observe that for no intermediate frequency 0 < ω < ∞ and real w can equation (60) be satisfied. It follows that branches cannot change their stability nature at intermediate frequencies. 
The exceptional casep
For small ω we seek solutions of the form w = A(iω) n where A and n are constants to be determined. We find that n = 1/2 and that the two resulting branches of w, both emanating from the origin, are approximated for small ω by
the first with argument 3π/4, and so unstable, and the second with argument −π/4, and so stable. This situation is illustrated in Figure 3 . 
Numerical results

Constrained isotropic temperature-rate-dependent thermoelasticity
In order to find the secular equation for constrained isotropic temperature-rate-dependent thermoelasticity we specialize the results of the previous section in the anisotropic case following the methods of Alharbi and Scott [20] in the unconstrained case.
The secular equation
For a material that is both mechanically and thermally isotropic, and suffers a constraint of incompressibility at constant temperature, we havẽ
where λ and µ are the Lamé moduli, β is the scalar temperature coefficient of stress and k is the scalar thermal conductivity, leading toc = b = n, as before. We define dimensionless Lamé moduli by
where the parameter γ will shortly be prescribed. From the first part of equation (63) we see that the isothermal acoustic tensor given by the first part of equation (22) reduces tõ
in the isotropic case and in this case M defined by equations (27) to (29) reduces to
where K is defined by
An application of the identity given by equation (32) to the tensor M defined by equation (65) gives the secular equation det M = 0 in the form
Because det{(µ − w)1} = (µ − w) 3 and n · {(µ − w)1} adj n = (µ − w) 2 (68) Figure 1 . The squared wave speeds of constrained anisotropic temperature-rate-dependent thermoelasticity. For each part,
we can rewrite equation (67) in the form
We now select a convenient value for the scaling parameter γ , namely
and the secular equation (69) becomes in fully non-dimensional form
The choice (70) of scaling parameter means that we are comparing all squared wave speeds with the squared wave speed (λ + 2µ )/ρ of purely elastic longitudinal waves in an isothermal isotropic linearly elastic solid so that the dimensionless isothermal squared wave speed is given by w = 1. The squared wave speeds of constrained anisotropic temperature-rate-dependent thermoelasticity. For each part,
The secular equation (71) has the repeated root
which corresponds to two transverse non-dispersive purely elastic isothermal isotropic waves unaffected by heat conduction. Since usually λ > 0 the dimensionless transverse squared wave speed w = µ is restricted by
as compared with the dimensionless isothermal longitudinal squared wave speed w = 1. 
The roots corresponding to the longitudinal waves are given by the remaining factor of equation (71) w
On using the definition of equation (66), multiplying throughout by w, and rearranging, we see that the final form of the dimensionless secular equation for longitudinal waves in isotropic constrained temperature-ratedependent thermoelasticity is given by
in whichp 1 is defined byp
We see thatp 1 = 0 only whenσ takes the critical valueσ c defined bỹ
so that 0 <σ c < 1. Ifσ >σ c thenp 1 < 0 and ifσ <σ c thenp 1 > 0. The isotropic secular equation (74) is consistent with the anisotropic form given by equation (39) 
Low-frequency expansions
When ω = 0, the roots of the secular equation (74) 
From the stability condition given by equation (20) the stability of the branch w 0 (ω) depends on the sign ofp 1 , stable ifp 1 < 0, unstable ifp 1 > 0. The stability of w 1 (ω) depends on the signs ofp 1 and
The approximations given by the first and second part of equation (78) 
for isotropic materials on account of the equalities given by equation (77). As before, the first has argument 3π/4, and so is unstable, and the second has argument −π/4, and so is stable and both branches meet at the origin.
High-frequency expansions
For ζ = 0 (ω → ∞) the secular equation (81) becomes
To determine the positions of zeros of H(w) we need to examine its sign changes
So the two real rootsh 1 andh 2 of H(w) = 0 satisfȳ
They are the roots of the quadratic polynomialh(w) = (w −h 1 )(w −h 2 ) and we must have H(w) =h(w). For small ζ the secular equation (81) may be expanded as
Taylor expansions of the two roots of this equation in the high-frequency limit, reverting to the notation ζ = ω −1 , take the forms
From equation (82),h 2 −h 1 > 0 andh 1 < 0 and so w 1 is unstable. Also, w 2 is unstable unless
Numerical results
In each of Figures 4 and 5 we take α 0 = 0.01 and α 1 = 0.02 and we choose ε = 0 in Figure 4 and ε = 1 in Figure 5 . In both figures we have two longitudinal waves, one stable and the other unstable. Ifσ <σ c , the stable branch starts from the point w =p 1 , wherep 1 is defined by equation (75) 
Constrained anisotropic generalized temperature-rate-dependent thermoelasticity
We are concerned in this section with the theory of temperature-rate-dependent thermoelasticity, combined with generalized thermoelasticity, and subjected to a deformation-temperature constraint. The relevant field equations have been derived at equation (18) . Again, we follow the method of Alharbi and Scott [21] and also the analysis of Section 3.
The secular equation
We insert the plane harmonic wave forms given by equation (19) into the field equations (18) in order to obtain the equations
of generalized temperature-rate-dependent thermoelasticity, the counterpart of those obtained at equation (21) in the non-generalized case. We see that the second part of equation (83) differs from the second part of equation (21) by the factor 1 − iωτ in the denominator of the second term but otherwise the equations are the same. We now eliminate andH between equations (83) as in Section 3 and by non-dimensionalizing, simplifying and rearranging the resulting equation we finally obtaiñ whereF(w) andG(w) are defined at equation (40). Putting τ = 0 we get the familiar secular equation (39) of temperature-rate-dependent thermoelasticity. Equation (84) is the secular equation for anisotropic generalized temperature-rate-dependent thermoelasticity which is constrained by a deformation-temperature constraint.
Low-frequency expansions
When ω → 0 the relaxation time τ in equation (84) does not appear in the solutions so the low-frequency behaviour is exactly as in Section 3.2. Summarizing, the branch w 0 (ω) is stable ifp 1 < 0, and unstable ifp 1 > 0, while the branches w i (ω), i = 1, 2, 3, are stable in the low-frequency regimes if the quantitỹ
is negative. Conversely, these branches are unstable if this quantity is positive. In the exceptional casep 1 = 0, the approximations given by equation (62) once again hold.
High-frequency expansions
The roots of the secular equation in the high-frequency limit ω → ∞, may be obtained by putting ω = ζ −1 , so the secular equation (84) becomes
Putting ζ = 0, we obtain
H is a quartic in w so there are four roots with one root w = 0 denoted byh 1 = 0 and the others byh i , i = 2, 3, 4.
We examine the sign changes of H using the inequalities given by equation (38)
From these inequalities we see that ifp 1 > 0 the rootsh i satisfy the inequalities
and ifp 1 < 0, they satisfyh
In either case we define a quartic polynomial
and observe that H(w) ≡h(w). Now looking for roots when ζ → 0, equation (85) is well approximated bȳ
This equation is quartic in w, so there are four roots w i , i = 1, 2, 3, 4. Power series expansion of the roots of the secular equation in the high-frequency limit take the form
Taking i = 1 in equation (92), and remembering thath 1 = 0, gives
Ifh 2 > 0 then Im w 1 (ω) < 0 meaning that w 1 (ω) is stable. On the other hand, ifp 1 < 0, the inequalities given by equation (89) show thath 2 < 0 and so now Im w 1 (ω) > 0 and w 1 (ω) is unstable. Taking i = 2 in equation (92) gives
h (h 2 ) ,
Ifh 2 > 0, then from equation (94) 2 , w 2 (ω) is unstable. Ifp 1 < 0, thenh 2 < 0 and so w 2 (ω) is stable provided thath
From equation (92) and the inequalities given by equations (88) or (89) we see that w 3 (ω) and w 4 (ω) are unstable at high frequency. Summarizing, in the high-frequency limit the branch w 1 (ω) is stable ifh 2 > 0 and the branch w 2 (ω) is stable ifh 2 < 0 and also equation (95) holds. In all other cases, each branch w i (ω) is unstable.
Numerical results
In Figure 6 we have takenp 1 > 0. The branch w 0 (ω) beginning at the origin is unstable for low frequency and stable for high frequency in each part of the Figure, as is consistent with equations (45) and (46) for low frequencies and with equations (92) and (93) for high frequencies. All the other branches begin to the right of this branch. If α 0 and α 1 are small enough all the branches w i (ω), i = 2, 3, 4, are stable at low frequency and unstable at high frequency. This can be seen in the first subfigures of Figure 6 where α 0 and α 1 are small. As α 0 and α 1 increase, all branches w i (ω), i = 2, 3, 4, become unstable at low and high frequencies, see Figure 6 (f).
In Figure 7 we have takenp 1 < 0. The branch w 1 (ω) beginning at w =p 1 is unstable at low frequency and stable at high frequency in each part of the Figure. All the other branches begin to the right of this branch and are stable at low frequency and unstable at high frequency.
In Figure 8 we illustrate the exceptional casep 1 = 0. Two branches now emanate from the origin, namely, w 0 (ω) and w 1 (ω), each changing its stability nature at an intermediate frequency. The branch with argument −π/4 at zero frequency is stable at low frequency but becomes unstable at high frequency. On the other hand, the branch with argument 3π/4 at zero frequency is unstable at low frequency but becomes stable at high frequency. The other branches behave similarly to those in Figures 6 and 7. 
Constrained isotropic generalized temperature-rate-dependent thermoelasticity
We specialize to the isotropic case the results of the previous section in the anisotropic case following once again the methods of Alharbi and Scott [20] .
The secular equation
We may follow through the methods of the previous section for the isotropic case, as we did in Section 4 for the unconstrained material, or simply employ the equalities given by equation (77) in the anisotropic secular equation (84) and the definitions given by equation (40) to obtain
withp 1 still defined by equation (75). Putting τ = 0 we revert to equation (74), as expected. Equation (96) is the secular equation for longitudinal waves in isotropic generalized temperature-ratedependent thermoelasticity, which is constrained by a deformation-temperature constraint. Of course, the two transverse waves continue to have squared wave speed given by w = µ, as in equation (72). 
Low-frequency expansions
When ω → 0 the relaxation time τ in equation (96) does not appear in the solutions so the low-frequency behaviour is exactly as in Section 4.2. The branches w 0,1 (ω) continue to be given by equation (78) and the stability analysis is exactly as in Section 4.2. In the exceptional casep 1 = 0, once again the approximations given by equation (80) hold.
High-frequency expansions
Written in terms of ζ = ω −1 , equation (96) becomes On taking ζ = 0 in equation (97) we see that the high-frequency roots are given bȳ
The difference between this and equations (88) and (89) is that hereh 2 is known explicitly. For small ζ equation (97) is well approximated by The first of these is stable ifh 2 > 0, and unstable ifh 2 < 0, whereh 2 is defined by the second part of equation (98). The second is unstable ifh 2 > 0, and stable ifh 2 < 0 and alsō h 2 ε 1/2 α −1 0 (α 1 − α 0 ) +σ /τ > 0. Figure 9 illustrates the two longitudinal waves plotted for various values ofσ . The branch w 1 (ω) starts from the point w =p 1 , defined by the third part of equation (75), and ends at the point w =h 2 , defined by the second part of equation (98). The branch w 2 (ω) starts and ends at the origin. At low frequency, w 1 (ω) is stable and w 2 (ω) is unstable and the situation is reversed at high frequency.
Numerical results
Concluding remarks
In the temperature-rate-dependent theory of thermoelasticity due to Green and Lindsay [13] it was shown, in the fully anisotropic case, that each of the four thermoelastic waves that may travel in each direction is stable, that is, the amplitude of an initially small disturbance remains uniformly bounded in the direction of travel for all time, see the work by Alharbi and Scott [21] .
In any material we might expect an initial small disturbance either to decay to zero or remain bounded as time increases. Thus we might regard the stability of wave forms as being a possible criterion for a physically reasonable response. We know that both classical and generalized thermoelasticity possess this property, see the work by Scott [6] and [16] , respectively. We also know that temperature-rate-dependent thermoelasticity shares this stability property, see see the work by Alharbi and Scott [21] , and so might be an acceptable non-classical model for thermoelasticity on the grounds of a physically reasonable response.
However, when a deformation-temperature constraint operates in the present context of anisotropic temperature-rate-dependent thermoelasticity, we have seen in Section 3 that at least one of the four waves becomes unstable, either at low frequency or at high frequency, or at both. We saw in Section 4 that the two longitudinal waves in the constrained isotropic case exhibit the same instabilities. The same sorts of instabilities are apparent when the theory is extended to constrained generalized temperature-rate-dependent thermoelasticity, see Section 5 for the anisotropic case and Section 6 for the isotropic case. Thus in all cases at least one of the waves in constrained temperature-rate-dependent thermoelasticity or constrained generalized temperature-rate-dependent thermoelasticity is unstable.
The undesirable effects of instabilities may possibly be circumvented by assuming the constraints to hold only approximately or by using the alternative theory of deformation-entropy constraints. A deformationentropy constraint is one that connects deformation gradient with entropy, rather than temperature. Such constraints were first discussed in the work by Scott [22] , and further developed in the later works by Leslie and Scott [9] [10] [11] [12] , where it was found that the instabilities of deformation-temperature constraints are removed by considering instead deformation-entropy constraints. Casey [23] considers deformation-entropy constraints from a different viewpoint and discusses the relationship between these constraints and deformationtemperature constraints. Rooney and Bechtel [24] introduce a wide variety of thermomechanical constraints. Some of them involve the entropy yet are unstable. None of these authors have considered the present case of thermomechanically constrained temperature-rate-dependent materials.
